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Let x be an odd residue class character with conductor f  (a prime power) and 
order 2”. It is shown that the nonvanishing of the sum x(1) + 2x(2) + - + fx(f) 
follows directly from properties of the minimum polynomial of a 2”th root of 
unity. 
1 
Let x be a residue class character with conductorf. Suppose that !: is odd, 
i.e., x(-l) = -1, and set 
s = i x(n)n. 
11=1 
The sum S is connected with the value of Dirichlet’s L-function L(s, R) 
at s = 1 (see, e.g. [I, p. 336]), and from L(1, R) # 0 it follows that S # 0. 
Recently Ullom [4] presented an algebraic proof for the nonvanishing of S 
in the cases, wherefis a prime power and either x is faithful or the order of x, 
say r, is a power of 2. He remarked that another algebraic proof, concerning 
these cases, can be obtained from certain considerations of Hasse [3, pp. 
90-941. It should be noted that both of these proofs are nonelementary in 
the sense that they use methods far beyond the elementary algebra. 
We shall restrict ourselves to the case, wherefis a prime power and r = 2h, 
h > 1, and prove once more that S # 0. In our proof only elementary 
number theory and a few elements of the theory of polynomials are required. 
In fact, the proof is based upon properties of the minimum polynomial of a 
2hth root of unity. 
2 
First assume that f = p”, where p =‘2s + 1 is an odd prime. Then we 
see that z = 1, since pz-l divides r = 2h. Put 01 = exp(2ni/(p - 1)) and 
denote by g a primitive root mod p. Then x(g”) = CY, where u is 
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odd. Hence p - 1 = 2hb with an odd b, and u is a multiple of b. 
Consequently, 
x(n) = B” for n s g”(mod p), 
where /3 = LX” is a primitive 2%h root of unity. 
For a moment, suppose that h = 1, so that x is real. We wish to mention 
that in this case there is a very simple argument, presented, e.g., in [2, p. 91, 
showing that S # 0: 
n-1 
,y = c (&tn) = p( p - 1)/2 = 1 (mod 2). 
Fl=l 
In a way, the following proof may be viewed as a generalization of this proof. 
We use the antisymmetry of x, i.e., the relation x(p - n) = --x(n), to 
obtain 
s = 2 f x(n)n - p t x(n). 
?L=l n=1 
On the other hand, 
S = i CX(W 20 + X(P - %(P - WI = 4x(2) f xWn - ~~(21 i xM. 
?k=l n-1 12=1 
Combining these formulas (this trick is known in connection with quadratic 
characters; see [l, pp. 345-3461) we get that S = 0 implies 
jl x(4 = 0. 
Again, by the antisymmetry, 
Note that the minimum polynomial of /I is xm + I, where m = 2h-1. 
Applying the equation pm = -1 we may now write 
S-l mb-1 
;oCip, = z. ci99 = co + Cl8 + -'. + Ga-18--l, 
where 
b-l b-l 
co= C(&p9= C(fl)#O 
P=O k=O 
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(the number of terms in the sum is odd). Thus, if S = 0, then fi would be a 
root of the nonzero polynomial c,, + c,x + ..* + c,,-#+~, and so we have 
a contradiction. 
3 
Let f be a power of 2. Since r = 2h, we have f = 2h+2, and the nonzero 
values of x are given by 
x(n) = (-1)“P for n = (--l)?P (mod 2h+2), 
where /I is a primitive 2hth root of unity. Now 
X(2hf2 - 4 = -x(n), X(2h+l - 4 = x(n); 
the latter relation follows from the fact that the congruence IZ = fP 
(mod 2h+2) implies 2 h+l - n = F5a+m (mod 2h+2), where m = 2h-1 as above. 
Thus a simple calculation yields 
2h+1 
s = c ,y(n)(2n - 2”+3 = -2h+2 t x(n) 
?A=1 s-1 
(cf. [3, pp. 79-801). Furthermore, the symmetry properties of x enable us to 
write 
As in the preceding case, the last sum cannot vanish because the minimum 
polynomial of j3 is of degree m. Hence S # 0. 
Note that in this case the proof tells us even more, namely that S is non- 
rational when x is nonreal. 
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